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Abstract
Let p > 3 be a prime and a, b ∈ Z. In the paper we mainly determine the number Vp(x4 + ax2 + bx) of
incongruent residues of x4 + ax2 + bx (x ∈ Z) modulo p and reveal the connections with elliptic curves
over the field Fp of p elements.
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1. Introduction
Let Z be the set of integers. For a positive integer m and given polynomial f (x) with integral
coefficients, denote the number of incongruent residues of f (x) (x ∈ Z) modulo m by Vm(f (x)).
That is,
Vm
(
f (x)
)= ∣∣{c: c ∈ {0,1, . . . ,m− 1}, f (x) ≡ c (mod m) is solvable}∣∣.
Let p > 3 be a prime, a1, a2, a3 ∈ Z, and let ( dp ) be the Legendre symbol. In 1908 von Ster-
neck [St] proved that if a21 ≡ 3a2 (mod p), then
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(
x3 + a1x2 + a2x + a3
)= 2p + (p3 )
3
. (1.1)
This result was rediscovered by the author [Su1, Theorem 4.3]. See also [K,MW1]. In the paper
we give a general result for Vm(x3 + a1x2 + a2x + a3), where m is a positive integer.
For the general quartic polynomial x4 + a1x3 + a2x2 + a3x + a4 let
a = 16a2 − 6a21, b = 8
(
8a3 − 4a1a2 + a31
)
,
c = 256a4 − 64a1a3 + 16a21a2 − 3a41
and X = 4x + a1. Then we find
x4 + a1x3 + a2x2 + a3x + a4 = 1256
(
X4 + aX2 + bX + c) (1.2)
and so
Vp
(
x4 + a1x3 + a2x2 + a3x + a4
)= Vp(x4 + ax2 + bx + c)= Vp(x4 + ax2 + bx). (1.3)
Hence it suffices to discuss Vp(x4 + ax2 + bx). In [MW2] McCann and Williams showed that
Vp
(
x4 + ax2 + bx)=
{
3
8p +O(1) if p  a and p | b,
5
8p +O(
√
p) if p  b.
For a general estimate for Vp(f (x)) one may consult [BSD].
For a, b, c ∈ Z let
D(a,b, c) = −(4a3 + 27b2)b2 + 16c(a4 + 9ab2 − 8a2c + 16c2). (1.4)
It is known that D(a,b, c) is the discriminant of x4 + ax2 + bx + c and x3 + 2ax2 +
(a2 − 4c)x − b2. From [Sk,Leo] and [Su3, Theorem 5.8] we have the following basic result
for quartic congruences.
Let p > 3 be a prime, a, b, c ∈ Z and p  bD(a, b, c). Then
x4 + ax2 + bx + c ≡ 0 (mod p) is unsolvable
⇐⇒ there exists an integer y such that
(
y
p
)
= −1
and y3 + 2ay2 + (a2 − 4c)y − b2 ≡ 0 (mod p). (1.5)
On the basis of this result, in the paper we try to determine Vp(x4 + ax2 + bx) (a, b ∈ Z) for
any prime p > 3 and obtain some explicit formulas.
Let [α] denote the greatest integer not exceeding α. Let #Ep(x3 −Ax −B) be the number of
points on the elliptic curve Ep: y2 = x3 − Ax − B over the field Fp of p elements. We list the
following typical results in the paper.
212 Z.-H. Sun / Journal of Number Theory 119 (2006) 210–241Vp
(
x4 − 6x2 + 8x)= [5p + 7
8
]
. (1.6)
If p ≡ 2 (mod 3) and p  b, then Vp
(
x4 + bx)= [5p + 7
8
]
. (1.7)
If p ≡ 7 (mod 12), p  b and p = A2 + 3B2 (A,B ∈ Z) with A ≡ 1 (mod 3), then
Vp
(
x4 + bx)=
{
1
8
(
5p + 7 + (−1) p−712 · 6 − 4A) if x3 ≡ 2b (mod p) is solvable,
1
8 (5p + 1 + 2A) if x3 ≡ 2b (mod p) is unsolvable.
(1.8)
If p ≡ 1 (mod 12) and p = A2 + 3B2 (A,B ∈ Z), then
Vp
(
x4 + x)=
{
1
8
(
5p + 9 − (−1) p−112 · 6) if B ≡ 0 (mod 3),
1
8 (5p + 3 + 6B) if B ≡ 1 (mod 3).
(1.9)
If p ≡ 1,9 (mod 40) and so p = s2 + 5t2 for some s, t ∈ Z, then
Vp
(
x4 − 4x2 + 4x)= 5p + 3
8
+ 1 − (−1)
t
2
. (1.10)
If p  ab, m ∈ Z and a3m ≡ b2 (mod p), then
Vp
(
x4 + ax2 + bx)= Vp(x4 +mx2 +m2x). (1.11)
If p ≡ 7 (mod 120), then
Vp
(
x4 − 4x2 + 4x)= 1
8
(
3p − 1 + 2#Ep
(
x3 − 12x − 11)). (1.12)
If p ≡ 5 (mod 12), then
Vp
(
x4 − 3x2 + 3x)= 1
8
(
6p + 6 + 2
(
2
p−2
3 + 1
p
)
− #Ep
(
x3 − 12x + 20)). (1.13)
If p ≡ 5 (mod 12) and p = c2 + d2 with 2 | d , c + d ≡ 1 (mod 4) and c ≡ d (mod 3), then
Vp
(
x4 − 3x2 + 2x)= 1
8
(5p + 3 − 2d). (1.14)
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Let p be an odd prime and ax ≡ c (mod p) with a, c, x ∈ Z and p  a. Throughout this paper
we use (
c/a
p
) to denote the Legendre symbol ( x
p
).
Let a1, a2, a3, a4 ∈ Z. Since x2 ≡ x (mod 2) and x3 ≡ x (mod 3) we see that
V2
(
x4 + a1x3 + a2x2 + a3x + a4
)= V2((1 + a1 + a2 + a3)x + a4)= 3 + (−1)a1+a2+a32
and
V3
(
x4 + a1x3 + a2x2 + a3x + a4
)= V3((1 + a2)x2 + (a1 + a3)x)
=
{1 if a2 ≡ 2 (mod 3) and 3 | (a1 + a3),
3 if a2 ≡ 2 (mod 3) and 3  (a1 + a3),
2 otherwise.
Let p > 3 be a prime and a, b ∈ Z. To determine the value of Vp(x4 +ax2 +bx), we first deal
with the simple case b ≡ 0 (mod p).
Theorem 2.1. Let p be an odd prime, a ∈ Z and p  a. Then
Vp
(
x4 + ax2)= [3p + 7 − 2(−ap )
8
]
.
Proof. Clearly
Vp
(
x4 + ax2)
= p + 1
2
− 1
2
∣∣{(x, y): x4 + ax2 ≡ y4 + ay2 (mod p), x = y, x, y ∈ {0,1, . . . , (p − 1)/2}}∣∣
= p + 1
2
− 1
2
∣∣{(x, y): x2 + y2 ≡ −a (mod p), x = y, x, y ∈ {0,1, . . . , (p − 1)/2}}∣∣
= p + 1
2
− 1
2
∣∣{(x, y): x2 + y2 + a ≡ 0 (mod p), x, y ∈ {0,1, . . . , (p − 1)/2}}∣∣
+ 1
2
∣∣{(x, x): 2x2 + a ≡ 0 (mod p), x ∈ {0,1, . . . , (p − 1)/2}}∣∣
= p + 1
2
+ 1
4
(
1 +
(−2a
p
))
− 1
2
(p−1)/2∑
x=0
(−x2−a
p
)=0,1
1.
Observe that
(p−1)/2∑
x=0
(−x2−a )=0,1
1 +
(p−1)/2∑
x=0
(−x2−a )=−1
1 = p + 1
2p p
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(p−1)/2∑
x=0
(−x2−a
p
)=0,1
1 −
(p−1)/2∑
x=0
(−x2−a
p
)=−1
1 =
(p−1)/2∑
x=0
(−x2 − a
p
)
+ 1 + (
−a
p
)
2
.
We see that
(p−1)/2∑
x=0
(−x2−a
p
)=0,1
1 = 1
2
(
p + 1
2
+
(p−1)/2∑
x=0
(−x2 − a
p
)
+ 1 + (
−a
p
)
2
)
.
From [BEW, p. 58] we know that ∑p−1x=0 ( x2+ap ) = −1. Thus
(p−1)/2∑
x=0
(−x2 − a
p
)
=
(−a
p
)
+
(p−1)/2∑
x=1
(−x2 − a
p
)
=
(−a
p
)
+ 1
2
p−1∑
x=1
(−x2 − a
p
)
=
(−a
p
)
+ 1
2
(−1
p
)(p−1∑
x=0
(
x2 + a
p
)
−
(
a
p
))
=
(−a
p
)
+ 1
2
(−1
p
)(
−1 −
(
a
p
))
= 1
2
((−a
p
)
−
(−1
p
))
and hence
(p−1)/2∑
x=0
(−x2−a
p
)=0,1
1 = 1
2
(
p + 1
2
+ (
−a
p
)− (−1
p
)
2
+ 1 + (
−a
p
)
2
)
= 1
4
(
p + 2 −
(−1
p
)
+ 2
(−a
p
))
.
Now combining the above, we obtain
Vp
(
x4 + ax2)= p + 1
2
+ 1 + (
−2a
p
)
4
− 1
8
(
p + 2 −
(−1
p
)
+ 2
(−a
p
))
= 1
8
(
3p + 4 +
(−1
p
)
+ 2
(−a
p
)((
2
p
)
− 1
))
=
[
3p + 7 − 2(−a
p
)
8
]
as asserted. 
Let D(a,b, c) be given by (1.4). Then clearly
a2D(a,b, c) = 2ab2(a2 + 12c)2 + 4c(2a3 − 8ac + 9b2)2
− 3b2(a2 + 12c)(2a3 − 8ac + 9b2). (2.1)
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Lemma 2.1. Let p > 3 be a prime, a, b, c ∈ Z, p  b and p | D(a,b, c). Then the congruence
(∗) x3 + 2ax2 + (a2 − 4c)x − b2 ≡ 0 (mod p) has three solutions. If p | (a2 + 12c), then x ≡
−2a/3 (mod p) is the triple solution of (∗). If p  (a2 + 12c), then the three solutions of (∗) are
given by
x ≡ 9b
2 − 32ac
a2 + 12c , −
2a3 − 8ac + 9b2
2(a2 + 12c) , −
2a3 − 8ac + 9b2
2(a2 + 12c) (mod p).
Lemma 2.2. Let p > 3 be a prime, a, b ∈ Z, p  b, and let Rp be a complete set of residues
modulo p. If δ(a, b,p) is the number of those c ∈ Rp such that p | D(a,b, c) and the congruence
x3 + 2ax2 + (a2 − 4c)x − b2 ≡ 0 (mod p) has a quadratic nonresidue solution, then
δ(a, b,p) =
∣∣∣∣
{
y: 2y3 + 2ay2 + b2 ≡ 0 (mod p),
(
y
p
)
= −1, y ∈ Rp
}∣∣∣∣.
Proof. We consider the following two cases.
Case 1. 8a3 + 27b2 ≡ 0 (mod p). In this case, for c ∈ Z we have
2a3 − 8ac + 9b2 ≡ 2a3 − 8ac − 8
3
a3 = −2a
3
(
a2 + 12c) (mod p).
This together with (2.1) yields
a2D(a,b, c) ≡ (a2 + 12c)2{2ab2 − 3b2(−2a
3
)
+ 4c · 4a
2
9
}
≡ (a2 + 12c)2{4a(− 8
27
a3
)
+ 16
9
a2c
}
= 16
9
a2
(
c − 2
3
a2
)(
a2 + 12c)2 (mod p).
As p  b we have p  a. Thus
p | D(a,b, c) ⇐⇒ c ≡ 2a
2
3
(mod p) or c ≡ −a
2
12
(mod p).
Clearly
x3 + 2ax2 + (a2 − 4c)x − b2 ≡
{
(x + 2a3 )3 (mod p) if c ≡ − a
2
12 (mod p),
(x − a )2(x + 8a ) (mod p) if c ≡ 2a2 (mod p).3 3 3
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a
3 is a quadratic nonresidue modulo p if and only if (
−2
p
) = −1. Thus, by the above and the
definition of δ(a, b,p) we obtain
δ(a, b,p) = 1
2
(
1 −
(−2
p
))
.
On the other hand,
2y3 + 2ay2 + b2 ≡ 2y3 + 2ay2 − 8
27
a3 = 2
(
y − a
3
)(
y + 2a
3
)2
(mod p).
So we have∣∣∣∣
{
y: 2y3 + 2ay2 + b2 ≡ 0 (mod p),
(
y
p
)
= −1, y ∈ Rp
}∣∣∣∣= 12
(
1 −
(−2
p
))
= δ(a, b,p).
Case 2. 8a3 + 27b2 ≡ 0 (mod p). Let c ∈ Rp be such that p | D(a,b, c). We assert that p  (a2 +
12c). If p | (a2 + 12c), by (2.1) we have c(2a3 − 8ac + 9b2) ≡ (8a3 + 27b2)c/3 ≡ 0 (mod p).
Thus p | c and hence p | a. Applying (1.4) we see that p | b. This contradicts the assumption
p  8a3 + 27b2. Thus the assertion is true.
Since a2 + 12c ≡ 0 (mod p), from Lemma 2.1 we know that the three solutions of the con-
gruence x3 + 2ax2 + (a2 − 4c)x − b2 ≡ 0 (mod p) are given by
x1 ≡ 9b
2 − 32ac
a2 + 12c (mod p) and x2 ≡ x3 ≡ −
2a3 − 8ac + 9b2
2(a2 + 12c) (mod p).
As x1x2x3 ≡ b2 (mod p) we see that ( x1p ) = 1. Set
C =
{
c: p | D(a,b, c),
(−2(a2 + 12c)(2a3 − 8ac + 9b2)
p
)
= −1, c ∈ Rp
}
.
Then δ(a, b,p) = |C|. It is easily seen that
2
(
−2a
3 − 8ac + 9b2
2(a2 + 12c)
)3
+ 2a
(
−2a
3 − 8ac + 9b2
2(a2 + 12c)
)2
+ b2
= 8a
3 + 27b2
4(a2 + 12c)3
(
256c3 − 128a2c2 + 16(a4 + 9ab2)c − (4a3 + 27b2)b2)
= 8a
3 + 27b2
4(a2 + 12c)3 D(a,b, c).
Thus, if c ∈ C, then the congruence 2y3 + 2ay2 + b2 ≡ 0 (mod p) has a quadratic nonresidue
solution y ≡ −(2a3 − 8ac + 9b2)/(2(a2 + 12c)) (mod p). Conversely, if y is an integer such
that 2y3 + 2ay2 + b2 ≡ 0 (mod p) and ( y
p
) = −1, then y ≡ a3 (mod p) since p  (8a3 + 27b2).
Let c ∈ Rp be given by c ≡ −(2a3 + 9b2 + 2a2y)/(24y − 8a) (mod p). Then clearly y ≡
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it is clear that there is a one-to-one correspondence between C and the set S = {y: 2y3 + 2ay2 +
b2 ≡ 0 (mod p), ( y
p
) = −1, y ∈ Rp}. This yields δ(a, b,p) = |C| = |S|, which completes the
proof. 
Now we can prove:
Theorem 2.2. Let p > 3 be a prime and a, b ∈ Z with p  b. Then
Vp
(
x4 + ax2 + bx)= 1
8
{
5p + 3 + 4δ(a, b,p)+
p−1∑
x=1
((
x
p
)
− 1
)(
x(x + 2a)2 − 4b2
p
)}
,
where
δ(a, b,p) =
∣∣∣∣
{
y: 2y3 + 2ay2 + b2 ≡ 0 (mod p),
(
y
p
)
= −1, y ∈ {0,1, . . . , p − 1}
}∣∣∣∣.
Proof. For a polynomial f (x) with integral coefficients we let Np(f (x)) denote the number of
solutions of the congruence f (x) ≡ 0 (mod p). Let Rp = {0,1, . . . , p − 1} and let α(a, b,p)
denote the number of c ∈ Rp such that x3 +2ax2 + (a2 −4c)x −b2 ≡ 0 (mod p) has a quadratic
nonresidue solution. Since
Vp
(
x4 + ax2 + bx)= ∣∣{c: x4 + ax2 + bx + c ≡ 0 (mod p) is solvable, c ∈ Rp}∣∣,
we see that
p − Vp
(
x4 + ax2 + bx)
= ∣∣{c: Np(x4 + ax2 + bx + c)= 0, c ∈ Rp}∣∣
= ∣∣{c: p  D(a,b, c), Np(x4 + ax2 + bx + c)= 0, c ∈ Rp}∣∣ (by [Su3, Lemma 5.1])
= ∣∣{c: p  D(a,b, c), x3 + 2ax2 + (a2 − 4c)x − b2 ≡ 0 (mod p)
has a quadratic nonresidue solution, c ∈ Rp
}∣∣ (by (1.5))
= α(a, b,p)− ∣∣{c: p | D(a,b, c), x3 + 2ax2 + (a2 − 4c)x − b2 ≡ 0 (mod p)
has a quadratic nonresidue solution, c ∈ Rp
}∣∣
= α(a, b,p)− δ(a, b,p) (by Lemma 2.2).
Thus,
Vp
(
x4 + ax2 + bx)= p + δ(a, b,p)− α(a, b,p). (2.2)
If x1, x2, x3 are distinct integers such that
x21 + 2ax1 + a2 −
b2 ≡ x22 + 2ax2 + a2 −
b2 ≡ x23 + 2ax3 + a2 −
b2
(mod p),
x1 x2 x3
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does not hold. From this we see that
α(a, b,p)
=
∣∣∣∣
{
c: c ≡ x
3 + 2ax2 + a2x − b2
4x
(mod p),
(
x
p
)
= −1, c ∈ Rp
}∣∣∣∣
=
∣∣∣∣
{
c: c ≡ x2 + 2ax + a2 − b
2
x
(mod p),
(
x
p
)
= −1, c ∈ Rp
}∣∣∣∣
=
∣∣∣∣
{
x:
(
x
p
)
= −1, x ∈ Rp
}∣∣∣∣− 12
∣∣∣∣
{
(x1, x2): x
2
1 + 2ax1 + a2 −
b2
x1
≡ x22
+ 2ax2 + a2 − b
2
x2
(mod p),
(
x1
p
)
=
(
x2
p
)
= −1, x1 = x2, x1, x2 ∈ Rp
}∣∣∣∣
= p − 1
2
− 1
2
∣∣∣∣
{
(x1, x2): x1 + x2 + 2a + b
2
x1x2
≡ 0 (mod p),
(
x1
p
)
=
(
x2
p
)
= −1, x1 = x2, x1, x2 ∈ Rp
}∣∣∣∣
= p − 1
2
− 1
2
∣∣∣∣
{
(x1, x2): x1x
2
2 + (2a + x1)x1x2 + b2 ≡ 0 (mod p),(
x1
p
)
=
(
x2
p
)
= −1, x1 = x2, x1, x2 ∈ Rp
}∣∣∣∣
= p − 1
2
− N − δ(a, b,p)
2
,
where
N =
∣∣∣∣
{
(x1, x): x1x
2 + (2a + x1)x1x + b2 ≡ 0 (mod p),
(
x
p
)
=
(
x1
p
)
= −1, x1, x ∈ Rp
}∣∣∣∣.
Thus, by (2.2) we have
Vp
(
x4 + ax2 + bx)= p + δ(a, b,p)−(p − 1
2
− N − δ(a, b,p)
2
)
= 1
2
(
p + 1 + δ(a, b,p)+N). (2.3)
Suppose x1 ∈ Rp and ( x1p ) = −1. Set Δ = (2a+x1)2x21 −4b2x1. Then clearly Δ ≡ 0 (mod p)
and
Np
(
x1x
2 + (2a + x1)x1x + b2
)= 1 +(Δ).p
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p
) = 1, then the two solutions x2, x3 of the congruence x1x2+(2a+x1)x1x+b2 ≡ 0 (mod p)
satisfy the relation x2x3 ≡ b2x1 (mod p). Hence ( x2p )(
x3
p
) = ( x1
p
) = −1. So we have
N =
∣∣∣∣
{
x1:
(
x1
p
)
= −1,
(
Δ
p
)
= 1, x1 ∈ Rp
}∣∣∣∣
=
∣∣∣∣
{
x:
(
x
p
)
=
(
x(x + 2a)2 − 4b2
p
)
= −1, x ∈ Rp
}∣∣∣∣.
From this it is easy to see that
∑
x∈Rp
(
1 −
(
x
p
))(
1 −
(
x(x + 2a)2 − 4b2
p
))
= 4N + 1 −
(−1
p
)
.
Thus, noting that
∑
x∈Rp(
x
p
) = 0 we obtain
N = 1
4
{∑
x∈Rp
(
1 −
(
x
p
))(
1 −
(
x(x + 2a)2 − 4b2
p
))
− 1 +
(−1
p
)}
= 1
4
{
p − 1 +
(−1
p
)
−
∑
x∈Rp
(
x(x + 2a)2 − 4b2
p
)
+
∑
x∈Rp
(
x
p
)(
x(x + 2a)2 − 4b2
p
)}
= 1
4
{
p − 1 +
p−1∑
x=1
((
x
p
)
− 1
)(
x(x + 2a)2 − 4b2
p
)}
.
This together with (2.3) gives the result. 
From Theorem 2.2 we have:
Theorem 2.3. Let p > 3 be a prime, a, b ∈ Z and p  ab. Then Vp(x4 + ax2 + bx) depends only
on p and b2/a3 (mod p). Moreover, if k ∈ Z and k ≡ b2/(2a3) (mod p), then
Vp
(
x4 + ax2 + bx)
= 1
8
{
5p + 2 + (−1) p−12 + 4δ(k,p)+
(
p
3
)p−1∑
x=0
(
x3 − (18k + 3)x − (27k2 + 18k + 2)
p
)
−
(
p
3
)p−1∑
x=0
(
x3 − 3k2x + k3(27k + 2)
p
)}
,
where
δ(k,p) =
∣∣∣∣
{
x: x3 + 4kx + 8k2 ≡ 0 (mod p),
(
x
p
)
= −1, x ∈ {1,2, . . . , p − 1}
}∣∣∣∣. (2.4)
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we see that
δ(a, b,p) =
∣∣∣∣
{
x: 2(2akx)3 + 2a(2akx)2 + 2a3k ≡ 0 (mod p),
(
x
p
)
= −1, x ∈ Rp
}∣∣∣∣
=
∣∣∣∣
{
x: 8k2x3 + 4kx2 + 1 ≡ 0 (mod p),
(
x
p
)
= −1, x ∈ Rp
}∣∣∣∣
= δ(k,p).
On the other hand, observing that x(x + 1)2 − k = 127 ((3x + 2)3 − 3(3x + 2) − 27k − 2) we
obtain
p−1∑
x=1
(
x(x + 2a)2 − 4b2
p
)
=
p−1∑
x=1
(
2ax(2ax + 2a)2 − 4b2
p
)
=
p−1∑
x=1
(
k
p
)(
x(x + 1)2 − k
p
)
=
p−1∑
x=0
(
k
p
)(
x(x + 1)2 − k
p
)
−
(−1
p
)
=
(
k
p
)p−1∑
x=0
(
27((3x + 2)3 − 3(3x + 2)− 27k − 2)
p
)
−
(−1
p
)
=
(
3k
p
)p−1∑
x=0
(
x3 − 3x − 27k − 2
p
)
−
(−1
p
)
=
(−3
p
)p−1∑
x=0
(−k3x3 + 3k3x + k3(27k + 2)
p
)
−
(−1
p
)
=
(
p
3
)p−1∑
x=0
(
x3 − 3k2x + k3(27k + 2)
p
)
−
(−1
p
)
.
Also, since y3 + y2 − 2ky + k2 = − 127 ((−3y − 1)3 − 3(6k + 1)(−3y − 1)− (27k2 + 18k + 2))
we have
p−1∑
x=1
(
x
p
)(
x(x + 2a)2 − 4b2
p
)
=
p−1∑(2ax
p
)(
2ax(2ax + 2a)2 − 4b2
p
)
=
p−1∑( x
p
)(
x(x + 1)2 − k
p
)
x=1 x=1
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p−1∑
x=1
(
1 + 2
x
+ 1
x2
− k
x3
p
)
=
p−1∑
t=1
(
1 + 2t + t2 − kt3
p
)
=
p−1∑
t=1
(−k3t3 + k2t2 + 2k2t + k2
p
)
=
p−1∑
y=0
(
y3 + y2 − 2ky + k2
p
)
− 1
=
p−1∑
y=0
(−3
p
)(
(−3y − 1)3 − 3(6k + 1)(−3y − 1)− (27k2 + 18k + 2)
p
)
− 1
=
(
p
3
)p−1∑
x=0
(
x3 − (18k + 3)x − (27k2 + 18k + 2)
p
)
− 1.
Now putting all the above together with Theorem 2.2 yields the result. 
Corollary 2.1. Let p > 3 be a prime, a, b ∈ Z and p  ab. If m is an integer such that a3m ≡
b2 (mod p), then
Vp
(
x4 + ax2 + bx)= Vp(x4 +mx2 +m2x).
Proof. This is immediate from Theorem 2.3. 
For any prime p > 3 let Fp be the field consisting of residue classes modulo p, and let
#Ep(x3 −Ax −B) be the number of points on the elliptic curve Ep: y2 = x3 −Ax −B over Fp .
Corollary 2.2. Let p > 3 be a prime, and k ∈ Z with p  k. Then
Vp
(
x4 + 2kx2 + 4k2x)
= 1
8
{
5p + 2 + (−1) p−12 + 4δ(k,p)+
(
p
3
){
#Ep
(
x3 − (18k + 3)x − 27k2 − 18k − 2)
− #Ep
(
x3 − 3k2x + k3(27k + 2))}},
where δ(k,p) is given by (2.4).
Proof. Let f (x) be a polynomial with integral coefficients, and Np(y2 = f (x)) denote the num-
ber of solutions (x, y) of the congruence y2 ≡ f (x) (mod p). It is easily seen that
Np
(
y2 = f (x))= p−1∑
x=0
(
f (x)
p
)=0
1 + 2
p−1∑
x=0
(
f (x)
p
)=1
1 = p +
p−1∑
x=0
(
f (x)
p
)=1
1 −
p−1∑
x=0
(
f (x)
p
)=−1
1
= p +
p−1∑(f (x)
p
)
.x=0
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#Ep
(
x3 −Ax −B)= 1 +Np(y2 = x3 − Ax − B)= p + 1 + p−1∑
x=0
(
x3 −Ax −B
p
)
. (2.5)
Now putting a = 2k and b = 4k2 in Theorem 2.3 and then applying the above we obtain the
result. 
Remark 2.1. Let p > 3 be a prime, k ∈ Z and p  k. By (2.5) we have
#Ep
(
x3 − 3k2x + k3(27k + 2))= p + 1 + p−1∑
x=0
(
x3 − 3k2x + k3(27k + 2)
p
)
= p + 1 +
p−1∑
x=0
(
(kx)3 − 3k2 · kx + k3(27k + 2)
p
)
= p + 1 +
(
k
p
)p−1∑
x=0
(
x3 − 3x + 27k + 2
p
)
= p + 1 +
(
k
p
)(
#Ep
(
x3 − 3x + 27k + 2)− p − 1).
Hence
#Ep
(
x3 − 3k2x + k3(27k + 2))=
{
#Ep(x3 − 3x + 27k + 2) if
(
k
p
)= 1,
2p + 2 − #Ep(x3 − 3x + 27k + 2) if
(
k
p
)= −1.
From Corollary 2.2 we have:
Corollary 2.3. Let p > 3 be a prime, and k ∈ Z with p  k. Then
#Ep
(
x3 − 3k2x + k3(27k + 2))− #Ep(x3 − (18k + 3)x − (27k2 + 18k + 2))
≡ 4δ(k,p)+ 2 − 2
(−2
p
)
(mod 8).
Proof. From Corollary 2.2 we see that
#Ep
(
x3 − 3k2x + k3(27k + 2))− #Ep(x3 − (18k + 3)x − (27k2 + 18k + 2))
≡
(
p
3
)(
5p + 2 +
(−1
p
)
+ 4δ(k,p)
)
≡
(
p
3
)(
p −
(−1
p
)
+ 2
(
1 −
(−1
p
))
+ 4δ(k,p)
)
≡ 4
(
1
(
p −
(−1))+ 1(1 −(−1))+ δ(k,p))
4 p 2 p
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(
1
2
(
1 −
(
2
p
))
+ 1
2
(
1 −
(−1
p
))
+ δ(k,p)
)
≡ 4
(
1
2
(
1 −
(−2
p
))
+ δ(k,p)
)
(mod 8).
So the corollary is proved. 
Conjecture 2.1. Let p > 3 be a prime, and k ∈ Z with p  k(27k + 4). Then
#Ep
(
x3 − (18k + 3)x − (27k2 + 18k + 2))≡ 0 (mod 3).
Theorem 2.4. Let p > 3 be a prime. If a, b ∈ Z, p  ab and 8a3 ≡ −27b2 (mod p), then
Vp
(
x4 + ax2 + bx)= [5p + 7
8
]
.
Proof. Let k ∈ Z be such that k ≡ b22a3 ≡ − 427 (mod p). Then clearly
x3 + 4kx + 8k2 ≡ x3 − 16
27
x + 8 · 16
272
=
(
x − 4
9
)2(
x + 8
9
)
(mod p).
From this and (2.4) we see that
δ(k,p) = 1
2
(
1 −
(−2
p
))
.
On the other hand, setting x = 49y we find
x3 − 3k2x + k3(27k + 2) ≡ x3 − 48
272
x + 128
273
= 64
729
(
y3 − 1
3
y + 2
27
)
≡ 64
729
(
y3 − (18k + 3)y − (27k2 + 18k + 2)) (mod p).
Thus,
p−1∑
x=0
(
x3 − 3k2x + k3(27k + 2)
p
)
=
p−1∑
x=0
(
x3 − (18k + 3)x − (27k2 + 18k + 2)
p
)
.
Now applying the above and Theorem 2.3 we get
Vp
(
x4 + ax2 + bx)= 1
8
{
5p + 2 +
(−1
p
)
+ 2
(
1 −
(−2
p
))}
= 1
8
{
5p + 4 − 2
(−2
p
)
+
(−1
p
)}
=
[
5p + 7
8
]
.
This proves the corollary. 
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Vp
(
x4 − 6x2 + 8x)= [5p + 7
8
]
.
Proof. Putting a = −6 and b = 8 in Theorem 2.4 we get the result. 
Theorem 2.5. Let p > 3 be a prime, and a, b ∈ Z with p  b. Then
∣∣∣∣Vp(x4 + ax2 + bx)− 5p8
∣∣∣∣ 12√p + 158 .
Proof. If p  a, letting k ≡ b2/(2a3) (mod p) and then using Theorem 2.3 we see that
∣∣8Vp(x4 + ax2 + bx)− 5p∣∣

∣∣∣∣2 +
(−1
p
)
+ 4δ(k,p)
∣∣∣∣+
∣∣∣∣∣
p−1∑
x=0
(
x3 − (18k + 3)x − (27k2 + 18k + 2)
p
)∣∣∣∣∣
+
∣∣∣∣∣
p−1∑
x=0
(
x3 − 3k2x + k3(27k + 2)
p
)∣∣∣∣∣.
By Weil’s estimate [BEW, p. 183] we have
∣∣∣∣∣
p−1∑
x=0
(
x3 − (18k + 3)x − (27k2 + 18k + 2)
p
)∣∣∣∣∣ 2√p
and
∣∣∣∣∣
p−1∑
x=0
(
x3 − 3k2x + k3(27k + 2)
p
)∣∣∣∣∣ 2√p.
As 0 δ(k,p) 3, applying the above we obtain
∣∣∣∣Vp(x4 + ax2 + bx)− 5p8
∣∣∣∣ 2 + 1 + 4 · 38 + 4
√
p
8
= 1
2
√
p + 15
8
.
If p | a, then Vp(x4 + ax2 + bx) = Vp(x4 + bx). It follows from Theorem 2.2 that
8Vp
(
x4 + bx)− 5p = 3 + 4δ(0, b,p)+ p−1∑( x
p
)(
x3 − 4b2
p
)
−
p−1∑(x3 − 4b2
p
)
.x=1 x=1
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p−1∑
x=1
(
x4 − 4b2x
p
)
=
p−1∑
x=1
(
1 − 4b2/x3
p
)
=
p−1∑
t=1
(
1 − 4b2t3
p
)
=
(−2b
p
)p−1∑
t=1
(−2b + 8b3t3
p
)
=
(−2b
p
)p−1∑
x=1
(
x3 − 2b
p
)
=
(−2b
p
)p−1∑
x=0
(
x3 − 2b
p
)
− 1,
we see that
8Vp
(
x4 + bx)− 5p
= 2 +
(−1
p
)
+ 4δ(0, b,p)+
(−2b
p
)p−1∑
x=0
(
x3 − 2b
p
)
−
p−1∑
x=0
(
x3 − 4b2
p
)
. (2.6)
Thus, using Weil’s estimate we also get
∣∣8Vp(x4 + ax2 + bx)− 5p∣∣ 2 + 1 + 4 · 3 + 2√p + 2√p.
This yields the result and hence the proof is complete. 
Theorem 2.6. Let p ≡ 2 (mod 3) be an odd prime, b ∈ Z and p  b. Then
Vp
(
x4 + bx)= [5p + 7
8
]
.
Proof. Let
δ(0, b,p) =
∣∣∣∣
{
y: 2y3 + b2 ≡ 0 (mod p),
(
y
p
)
= −1, y ∈ {0,1, . . . , p − 1}
}∣∣∣∣.
Since p ≡ 2 (mod 3) we know that the congruence x3 ≡ t (mod p) has one and only one solution
for any given integer t . So we have
δ(0, b,p) = 1
2
(
1 −
(−2
p
))
and
p−1∑(x3 +m
p
)
=
p−1∑(y +m
p
)
=
p−1∑( x
p
)
= 0 for m ∈ Z. (2.7)x=0 y=0 x=0
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Vp
(
x4 + bx)= 1
8
{
5p + 2 + (−1) p−12 + 2
(
1 −
(−2
p
))}
= 1
8
(
5p + 4 +
(−1
p
)
− 2
(−2
p
))
=
[
5p + 7
8
]
.
This completes the proof. 
Theorem 2.7. Let p ≡ 1 (mod 3) be a prime, p = A2 + 3B2 (A,B ∈ Z), A ≡ 1 (mod 3), b ∈ Z
and p  b.
(i) If p ≡ 1 (mod 12), then
Vp
(
x4 + bx)=
⎧⎨
⎩
1
8
(
5p + 9 − 6(−1) p−112 ) if 2b is a cubic residue (mod p),
1
8 (5p + 3 ± 6B) if (2b)
p−1
3 ≡ 12
(−1 ∓ A
B
)
(mod p).
(ii) If p ≡ 7 (mod 12), then
Vp
(
x4 + bx)=
{
1
8
(
5p + 7 + 6(−1) p−712 − 4A) if 2b is a cubic residue (mod p),
1
8 (5p + 1 + 2A) if 2b is a cubic nonresidue (mod p).
Proof. Let a ∈ Z be such that p  a. The cubic Jacobsthal sums φ3(a) and ψ3(a) are defined by
φ3(a) =
p−1∑
x=1
(
x
p
)(
x3 + a
p
)
and ψ3(a) =
p−1∑
x=1
(
x3 + a
p
)
.
It is clear that
(
a
p
)
φ3
(
a−1
)= p−1∑
x=1
(
x
p
)(
ax3 + 1
p
)
=
p−1∑
x=1
(
a + 1
x3
p
)
=
p−1∑
y=1
(
y3 + a
p
)
= ψ3(a).
From [BEW, Theorem 6.2.10, pp. 195, 196] we have
φ3(a) =
{−1 − 2A if a is a cubic residue (mod p),
−1 + A± 3B if a p−13 ≡ 12
(−1 ± A
B
)
(mod p).
(2.8)
Hence
(
a
p
)
ψ3(a) = φ3
(
a−1
)=
{−1 − 2A if a is a cubic residue (mod p),
−1 +A± 3B if a p−13 ≡ 12
(−1 ∓ A
B
)
(mod p).
(2.9)
Observe that (4b2)
p−1
3 ≡ (2b)− p−13 (mod p). From (2.6) and the above we deduce that
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(
x4 + bx)− 5p − 3 − 4δ(0, b,p)
=
(−2b
p
)
ψ3(−2b)− ψ3
(−4b2)= φ3
(
− 1
2b
)
−
(−4b2
p
)
φ3
(
− 1
4b2
)
=
⎧⎨
⎩
−1 − 2A− (−1
p
)
(−1 − 2A) if 2b is a cubic residue (mod p),
−1 +A± 3B − (−1
p
)
(−1 +A∓ 3B) if (2b)p−13 ≡ 12
(−1 ∓ A
B
)
(mod p).
This together with the fact
δ(0, b,p) =
∣∣∣∣
{
y: y3 ≡ −b
2
2
(mod p),
(
y
p
)
= −1, y ∈ {0,1, . . . , p − 1}
}∣∣∣∣
=
{
3 if
(−2
p
)= −1 and 2b is a cubic residue (mod p),
0 otherwise,
=
{3 if p ≡ 7,13 (mod 24) and 2b is a cubic residue (mod p),
0 otherwise
yields the desired result. 
Let p be a prime of the form 3k + 1. Assume p = A2 + 3B2 and 4p = L2 + 27M2 with
A,B,L,M ∈ Z. If 2 is a cubic residue of p, it is well known that 3 | B , 2 | L and 2 | M (see [IR,
p. 119]). Thus
A = ±L
2
, B = ±3M
2
, L = ±2A, M = ±2B
3
. (2.10)
If 2 is a cubic nonresidue of p, then 3  AB and 2  LM . Thus we may choose the signs of
A,B,L and M such that
L ≡ 1 (mod 3), M ≡ L (mod 4) and A ≡ B ≡ 1 (mod 3).
Now it is easy to check that
A = L− 9M
4
, B = L+ 3M
4
, L = A+ 3B and M = B −A
3
. (2.11)
In [L1], Lehmer showed that 2 p−13 ≡ (L + 9M)/(L − 9M) (mod p). (See also [IR, p. 137] and
[Su1, Theorem 2.1].) Thus applying (2.11) we obtain
2
p−1
3 ≡ (A+ 3B)+ 9(B −A)/3
(A+ 3B)− 9(B −A)/3 =
−1 + 3B/A
2
≡ −1 −A/B
2
(mod p). (2.12)
Now from Theorem 2.7 and (2.12) we have:
Corollary 2.5. Let p ≡ 1 (mod 6) be a prime and p = A2 + 3B2 with A ≡ 1 (mod 3) and
B ≡ 0,1 (mod 3).
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Vp
(
x4 ± x)=
{
1
8
(
5p + 9 − (−1) p−112 · 6) if B ≡ 0 (mod 3),
1
8 (5p + 3 + 6B) if B ≡ 1 (mod 3).
(ii) If p ≡ 7 (mod 12), then
Vp
(
x4 ± x)=
{
1
8
(
5p + 7 + (−1) p−712 · 6 − 4A) if B ≡ 0 (mod 3),
1
8 (5p + 1 + 2A) if B ≡ 1 (mod 3).
Remark 2.2. Suppose that p ≡ 1 (mod 3) is a prime and p = A2 + 3B2 with A ≡ 1 (mod 3). If
2b is a cubic nonresidue of p, using (2.11) and [Su1, Theorem 2.1] we can determine the sign
of B so that (2b)
p−1
3 ≡ 12 (−1 − AB ) (mod p) and hence Vp(x4 + bx) = 18 (5p + 3 + 6B) for
p ≡ 1 (mod 12).
Theorem 2.8. Let p be a prime greater than 3. Let a, b ∈ Z be such that p  ab and a3 ≡
−4b2 (mod p) (for example, a = −4 and b = 4). Let
δ(p) =
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
0 if p ≡ 7,17,23,33 (mod 40),
1 if p ≡ 3,13,27,31,37,39 (mod 40),
2 if p ≡ 11,19 (mod 40),
1 − (−1)t if p ≡ 1,9 (mod 40) and p = s2 + 5t2 (s, t ∈ Z),
2 + (−1)t if p ≡ 21,29 (mod 40) and p = s2 + 5t2 (s, t ∈ Z).
(i) If p ≡ 1 (mod 4), then
Vp
(
x4 + ax2 + bx)= 1
8
(
5p + 3 + 4δ(p)).
(ii) If p ≡ 7 (mod 12), then
Vp
(
x4 + ax2 + bx)= 1
8
(
3p − 1 + 4δ(p)+ 2#Ep
(
x3 − 12x − 11)).
(iii) If p ≡ 11 (mod 12), then
Vp
(
x4 + ax2 + bx)= 1
8
(
7p + 3 + 4δ(p)− 2#Ep
(
x3 − 12x − 11)).
Proof. Let k ∈ Z be such that k ≡ b22a3 ≡ − 18 (mod p). Let δ(k,p) be given by (2.4) and Rp ={0,1, . . . , p − 1}. Then
δ(k,p) =
∣∣∣∣
{
x: x3 − 1
2
x + 1
8
≡ 0 (mod p),
(
x
p
)
= −1, x ∈ Rp
}∣∣∣∣
=
∣∣∣∣
{
x:
(
x − 1
)(
x2 + 1x − 1
)
≡ 0 (mod p),
(
x
)
= −1, x ∈ Rp
}∣∣∣∣2 2 4 p
Z.-H. Sun / Journal of Number Theory 119 (2006) 210–241 229= 1 − (
2
p
)
2
+
∣∣∣∣
{
x: x2 + x
2
− 1
4
≡ 0 (mod p),
(
x
p
)
= −1, x ∈ Rp
}∣∣∣∣
= 1 − (
2
p
)
2
+
∣∣∣∣
{
y:
(
y
4
)2
+ 1
2
· y
4
− 1
4
≡ 0 (mod p),
(
y
p
)
= −1, y ∈ Rp
}∣∣∣∣
= 1 − (
2
p
)
2
+
∣∣∣∣
{
y: y2 + 2y − 4 ≡ 0 (mod p),
(
y
p
)
= −1, y ∈ Rp
}∣∣∣∣
= 1 − (
2
p
)
2
+
∣∣∣∣
{
y: (y + 1)2 ≡ 5 (mod p),
(
y
p
)
= −1, y ∈ Rp
}∣∣∣∣.
Thus, if p ≡ 2,3 (mod 5), then ( 5
p
) = −1 and so δ(k,p) = 12 (1 − ( 2p )) = δ(p). If p ≡
11,19 (mod 20), then
(−1 + √5
p
)(−1 − √5
p
)
=
(
(−1 + √5)(−1 − √5)
p
)
=
(−4
p
)
= −1
and so δ(k,p) = 12 (1 − ( 2p )) + 1 = δ(p). If p ≡ 1,9 (mod 20), we see that (−1+
√
5
p
)(−1−
√
5
p
) =
(−4
p
) = 1 and thus
δ(k,p) = 1 −
( 2
p
)
2
+ 1 −
(
1 + √5
p
)
= 3 −
( 2
p
)
2
−
(
2
p
)(
(1 + √5)/2
p
)
.
It is well known that p = s2 + 5t2 for some s, t ∈ Z. From [Br] or [Su4, Remark 6.1] we know
that ( (1+
√
5)/2
p
) = (−1)t . Thus
δ(k,p) = 3 −
( 2
p
)
2
−
(
2
p
)
(−1)t = δ(p).
Since k ≡ − 18 (mod p), we see that
p−1∑
x=0
(
x3 − (18k + 3)x − (27k2 + 18k + 2)
p
)
=
p−1∑
x=0
(
x3 − 34x − 1164
p
)
=
p−1∑
y=0
(
y3
43 − 34 · y4 − 1164
p
)
=
p−1∑
y=0
(
y3 − 12y − 11
p
)
and
p−1∑(x3 − 3k2x + k3(27k + 2)
p
)
=
p−1∑(x3 − 364x + 11642
p
)
x=0 x=0
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p−1∑
y=0
((− y16)3 − 364(− y16)+ 11642
p
)
=
p−1∑
y=0
(−1
p
)(
y3 − 12y − 11
p
)
.
Now combining the above with Theorem 2.3 and (2.5) we obtain
Vp
(
x4 + ax2 + bx)
= 1
8
{
5p + 2 + (−1) p−12 + 4δ(p)+
(
p
3
)(
1 − (−1) p−12 )p−1∑
y=0
(
y3 − 12y − 11
p
)}
= 1
8
{
5p + 2 + (−1) p−12 + 4δ(p)+
(
p
3
)(
1 − (−1) p−12 )(#Ep(x3 − 12x − 11)− p − 1)
}
.
This yields the result. 
Remark 2.3. If p > 3 is a prime of the form 4n+ 3, from Theorem 2.8 we deduce the following
congruence
#Ep
(
x3 − 12x − 11)≡ {2 (mod 4) if p ≡ 3,7 (mod 20),
0 (mod 4) if p ≡ 11,19 (mod 20).
If p is a prime greater than 5, we conjecture that
#Ep
(
x3 − 12x − 11)≡ {6 (mod 12) if p ≡ 3,7 (mod 20),
0 (mod 12) if p ≡ 1,9,11,13,17,19 (mod 20).
Theorem 2.9. Let p be a prime greater than 3. Let a, b ∈ Z be such that p  ab and a3 ≡
−3b2 (mod p) (for example, a = −3 and b = 3). Let
δ(p) =
∣∣∣∣
{
t : t3 ≡ 2 (mod p),
(
t + 1
p
)
= −
(
2
p
)
, t ∈ {0,1, . . . , p − 1}
}∣∣∣∣.
(i) If p ≡ 1 (mod 12) and p = A2 + 3B2 (A,B ∈ Z) with A ≡ 1 (mod 3), then
Vp
(
x4 + ax2 + bx)
=
{
1
8 (6p + 4 + 4δ(p)− 2A− #Ep(x3 − 12x + 20)) if B ≡ 0 (mod 3),
1
8 (6p + 4 +A+ 3B − #Ep(x3 − 12x + 20)) if B ≡ 1 (mod 3).
(ii) If p ≡ 5 (mod 12), then
Vp
(
x4 + ax2 + bx)= 1
8
(
6p + 6 + 2
(
2
p−2
3 + 1
p
)
− #Ep
(
x3 − 12x + 20)
)
.
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Vp
(
x4 + ax2 + bx)
=
{
1
8 (4p + 4δ(p)− 2A+ #Ep(x3 − 12x + 20)) if B ≡ 0 (mod 3),
1
8 (4p +A+ 3B + #Ep(x3 − 12x + 20)) if B ≡ 1 (mod 3).
(iv) If p ≡ 11 (mod 12), then
Vp
(
x4 + ax2 + bx)= 1
8
(
4p + 2 + 2
(
2
p−2
3 + 1
p
)
+ #Ep
(
x3 − 12x + 20)
)
.
Proof. Let k be an integer such that k ≡ b22a3 ≡ − 16 (mod p). Set
S =
p−1∑
x=0
(
x3 − (18k + 3)x − 27k2 − 18k − 2
p
)
and
T =
p−1∑
x=0
(
x3 − 3k2x + k3(27k + 2)
p
)
.
If p ≡ 2 (mod 3), then S =∑p−1x=0 ( x3+ 14p ) = 0 by (2.7). If p ≡ 1 (mod 3) and p = A2 + 3B2 with
A ≡ 1 (mod 3) and B ≡ 0,1 (mod 3), applying (2.8), (2.9) and (2.12) we see that
S − 1 =
p−1∑
x=1
(
x3 + 14
p
)
= ψ3
(
1
4
)
= φ3(4)
=
{−1 − 2A if 2 is a cubic residue (mod p),
−1 + A± 3B if 2 p−13 ≡ 12
(−1 ∓ A
B
)
(mod p),
=
{−1 − 2A if B ≡ 0 (mod 3),
−1 + A+ 3B if B ≡ 1 (mod 3).
We also have
T =
p−1∑
x=0
(
x3 − 112x + 5432
p
)
=
p−1∑
y=0
( 1
123 y
3 − 1122 y + 5432
p
)
=
p−1∑
y=0
(
123
p
)(
y3 − 12y + 20
p
)
=
(
3
p
)p−1∑
x=0
(
x3 − 12x + 20
p
)
= (−1) p−12
(
p
)(
#Ep
(
x3 − 12x + 20)− p − 1).3
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δ(k,p) =
∣∣∣∣
{
x: x3 − 2
3
x + 2
9
≡ 0 (mod p),
(
x
p
)
= −1, x ∈ Rp
}∣∣∣∣
=
∣∣∣∣
{
y: −y
3
33
− 2
3
(
−y
3
)
+ 2
9
≡ 0 (mod p),
(
y
p
)
= −
(−3
p
)
, y ∈ Rp
}∣∣∣∣
=
∣∣∣∣
{
y: y3 − 6y − 6 ≡ 0 (mod p),
(
y
p
)
= −
(
p
3
)
, y ∈ Rp
}∣∣∣∣.
If p ≡ 1 (mod 3), putting a1 = 0 and a2 = a3 = −6 in [Su3, Theorem 4.5] we see that x3 −
6x − 6 ≡ 0 (mod p) has three solutions if and only if x3 ≡ 2 (mod p) is solvable (that is 3 | B).
Moreover, if t3 ≡ 2 (mod p) for t ∈ Z, then x ≡ (t2 + 2)/t ≡ t (t + 1) (mod p) is a solution of
x3 − 6x − 6 ≡ 0 (mod p) with ( x
p
) = ( 2
p
)( t+1
p
). Thus, in view of [Su3, Lemma 2.2] we have
δ(k,p) = δ(p) or 0 according as 3 | B or 3  B . If p ≡ 2 (mod 3), from [Su3, Lemma 2.2] we
know that the congruence x3 − 6x − 6 ≡ 0 (mod p) has the unique solution
x ≡ 2 p+13 (2 p−23 + 1) (mod p).
We thus have
δ(k,p) = 1
2
(
1 +
(
2
p−2
3 + 1
p
))
.
From Theorem 2.3 we know that
Vp
(
x4 + ax2 + bx)= 1
8
{
5p + 2 + (−1) p−12 + 4δ(k,p)+
(
p
3
)
(S − T )
}
.
Now putting all the above together we obtain the result. 
Lemma 2.3. Let p be a prime greater than 3. Then
#Ep
(
x3 − 15x + 22)− p − 1
=
p−1∑
x=0
(
x3 − 15x + 22
p
)
=
{−2A if p ≡ 1 (mod 3) and p = A2 + 3B2 with A ≡ 1 (mod 3),
0 if p ≡ 2 (mod 3).
Proof. From [W, p. 295] or [BEW, Exercise 21, p. 208] we know that
1 +
p−1∑
n=0
(
(n2 + 4n+ 1)(n2 + 2n)
p
)
=
{−2A if p ≡ 1 (mod 3),
0 if p ≡ 2 (mod 3).
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1 +
p−1∑
n=0
(
(n2 + 4n+ 1)(n2 + 2n)
p
)
= 1 +
p−1∑
n=1
(
n4 + 6n3 + 9n2 + 2n
p
)
= 1 +
p−1∑
n=1
(
1 + 6
n
+ 9
n2
+ 2
n3
p
)
=
p−1∑
x=0
(
1 + 6x + 9x2 + 2x3
p
)
=
p−1∑
x=0
(
4 + 24x + 36x2 + 8x3
p
)
=
p−1∑
x=0
(
x3 + 9x2 + 12x + 4
p
)
=
p−1∑
x=0
(
(x − 3)3 + 9(x − 3)2 + 12(x − 3)+ 4
p
)
=
p−1∑
x=0
(
x3 − 15x + 22
p
)
,
by the above and (2.5) we obtain the result. 
Theorem 2.10. Let p be a prime greater than 3. Let a, b ∈ Z, p  ab and 4a3 ≡ −27b2 (mod p)
(for example, a = −3 and b = 2).
(i) If p ≡ 1 (mod 12) and p = A2 + 3B2 = c2 + d2 with 2 | d , c + d ≡ 1 (mod 4) and A ≡
1 (mod 3), then
Vp
(
x4 + ax2 + bx)=
{
1
8 (5p + 3 + 4δ(p)− 2A− 2c) if 3 | c,
1
8 (5p + 3 + 4δ(p)− 2A+ 2c) if 3 | d ,
where
δ(p) =
{1 if p ≡ 13 (mod 24),
0 if p ≡ 1 (mod 24) and B ≡ d (mod 8),
2 if p ≡ 1 (mod 24) and B ≡ d (mod 8).
(ii) If p ≡ 5 (mod 12) and p = c2 + d2 with 2 | d , c + d ≡ 1 (mod 4) and c ≡ d (mod 3), then
Vp
(
x4 + ax2 + bx)= 1
8
(5p + 3 − 2d).
(iii) If p ≡ 7 (mod 12) and p = A2 + 3B2 with A ≡ 1 (mod 3), then
Vp
(
x4 + ax2 + bx)= 1
8
(5p + 1 − 2A).
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Vp
(
x4 + ax2 + bx)=
⎧⎨
⎩
5p+1
8 + 12
(
1 − ( 3 p+14 +1
p
))
if p ≡ 11 (mod 24),
5
8 (p + 1) if p ≡ 23 (mod 24).
Proof. Let k ∈ Z be such that k ≡ b22a3 ≡ − 227 (mod p). Let δ(k,p) be given by (2.4) and Rp ={0,1, . . . , p − 1}. Then
δ(k,p) =
∣∣∣∣
{
x: x3 − 8
27
x + 32
272
≡ 0 (mod p),
(
x
p
)
= −1, x ∈ Rp
}∣∣∣∣
=
∣∣∣∣
{
x:
(
x − 4
9
)((
x + 2
9
)2
− 4
27
)
≡ 0 (mod p),
(
x
p
)
= −1, x ∈ Rp
}∣∣∣∣
=
∣∣∣∣
{
x:
(
x + 2
9
)2
≡ 4
27
(mod p),
(
x
p
)
= −1, x ∈ Rp
}∣∣∣∣
=
∣∣∣∣
{
x:
(
−2y
9
+ 2
9
)2
≡ 4
27
(mod p),
(−2y
p
)
= −1, y ∈ Rp
}∣∣∣∣
=
∣∣∣∣
{
y: (y − 1)2 ≡ 3 (mod p),
(
y
p
)
= −
(−2
p
)
, y ∈ Rp
}∣∣∣∣.
Thus, if p ≡ 5,7 (mod 12), then ( 3
p
)= −1 and so δ(k,p) = 0. If p ≡ 13,23 (mod 24), then
(
1 + √3
p
)(
1 − √3
p
)
=
(
(1 + √3)(1 − √3)
p
)
=
(−2
p
)
= −1
and so δ(k,p) = 1. If p ≡ 1,11 (mod 24), we see that
(
1 + √3
p
)(
1 − √3
p
)
=
(−2
p
)
= 1
and thus δ(k,p) = 1 − ( 1+
√
3
p
). When p ≡ 11 (mod 24), we have (3 p+14 )2 ≡ 3 (mod p) and so
δ(k,p) = 1 − ( 1+3(p+1)/4
p
).
When p ≡ 1 (mod 24), then p = A2 + 3B2 = c2 + d2 with B ≡ d ≡ 0 (mod 4). It is well
known that 2
p−1
4 ≡ (−1) d4 (mod p). Also,
(
1 + √3
p
)
= (1 + √3) p−12 = 2 p−14 (2 + √3) p−14 ≡ (−1) d4 (2 + √3) p−14 (mod p).
From [L2] or [Su4, Theorem 8.1] (with m = 4, n = 2, d = 3 and k = 8) we have
(
2 + √3) p−14 ≡ (−1) B4 (mod p). (2.13)
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(
1 + √3
p
)
= (−1) B−d4 . (2.14)
Hence δ(k,p) = 1 − ( 1+
√
3
p
) = δ(p).
Using Lemma 2.3 we see that
p−1∑
x=0
(
x3 − (18k + 3)x − 27k2 − 18k − 2
p
)
=
p−1∑
x=0
(
x3 − 53x − 2227
p
)
=
p−1∑
y=0
((− y3 )3 − 53 · (− y3 )− 2227
p
)
=
(−3
p
)p−1∑
y=0
(
y3 − 15y + 22
p
)
=
{−2A if p ≡ 1 (mod 3) and p = A2 + 3B2 with A ≡ 1 (mod 3),
0 if p ≡ 2 (mod 3).
On the other hand,
p−1∑
x=0
(
x3 − 3k2x + k3(27k + 2)
p
)
=
p−1∑
x=0
(
x3 − 12272 x
p
)
=
p−1∑
y=0
( 1
273 y
3 − 12272 · y27
p
)
=
p−1∑
y=0
(
273
p
)(
y3 − 12y
p
)
=
(
3
p
)p−1∑
x=1
(
x3 − 12x
p
)
=
(
3
p
)
φ2(−12),
where
φ2(D) =
p−1∑
x=1
(
x3 +Dx
p
)
for D ∈ Z.
Suppose p  D. If p ≡ 3 (mod 4), we see that
φ2(D) =
p−1∑( (−y)3 + D(−y)
p
)
=
(−1
p
)
φ2(D) and so φ2(D) = 0. (2.15)y=1
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p ≡ 1 (mod 8) ⇔ 4 | d ⇔ c ≡ 1 (mod 4) we see that −(−1) p−14 c ≡ −1 (mod 4). Hence by
[BEW, Theorem 6.2.9, p. 195] we have
φ2(−D) =
⎧⎪⎨
⎪⎩
±2(−(−1) p−14 c) if (−D)p−14 ≡ ±1 (mod p),
±2d if (−D)p−14 ≡ ± d
−(−1) p−14 c
(mod p).
Thus
φ2(−D) =
{
∓2c if Dp−14 ≡ ±1 (mod p),
∓2d if Dp−14 ≡ ± d
c
(mod p).
(2.16)
Since
12
p−1
4 = (−3) p−14 (−1) p−14 2 p−12 ≡ (−3) p−14 (−1) p−14
(
2
p
)
= (−3) p−14 (mod p),
by (2.16) we have
φ2(−12) =
{
∓2c if (−3) p−14 ≡ ±1 (mod p),
∓2d if (−3) p−14 ≡ ± d
c
(mod p).
From [Su2, Theorem 2.2 and Example 2.1] we know that
(−3) p−14 ≡
⎧⎨
⎩
1 (mod p) if 3 | d ,
−1 (mod p) if 3 | c,
± d
c
(mod p) if c ≡ ∓d (mod 3).
Thus
φ2(−12) =
⎧⎨
⎩
−2c if 3 | d ,
2c if 3 | c,
±2d if c ≡ ±d (mod 3).
(2.17)
From the above we see that
(
p
3
)p−1∑
x=0
(
x3 − 3k2x + k3(27k + 2)
p
)
=
(
p
3
)(
3
p
)
φ2(−12) = (−1) p−12 φ2(−12)
=
⎧⎪⎪⎨
⎪⎪⎩
0 if p ≡ 3 (mod 4),
2c if p ≡ 1 (mod 4) and 3 | c,
−2c if p ≡ 1 (mod 4) and 3 | d ,
±2d if p ≡ 1 (mod 4) and c ≡ ±d (mod 3).
Z.-H. Sun / Journal of Number Theory 119 (2006) 210–241 237By Theorem 2.3,
Vp
(
x4 + ax2 + bx)
= 1
8
{
5p + 2 + (−1) p−12 + 4δ(k,p)+
(
p
3
)p−1∑
x=0
(
x3 − (18k + 3)x − (27k2 + 18k + 2)
p
)
−
(
p
3
)p−1∑
x=0
(
x3 − 3k2x + k3(27k + 2)
p
)}
.
Now putting all the above together we deduce the result. 
3. The values of Vm(x2) and Vm(x3 + a1x2 + a2x + a3)
For any positive integer m and polynomial f (x) with integral coefficients let
Sm
(
f (x)
)= {c: f (x) ≡ c (mod m) is solvable, c ∈ {0,1, . . . ,m− 1}}.
Then clearly Vm(f (x)) = |Sm(f (x))|.
Theorem 3.1. Suppose that f (x) is a polynomial with integral coefficients and m = pα11 · · ·pαrr
is the prime decomposition of m. Then
Vm
(
f (x)
)= V
p
α1
1
(
f (x)
) · · ·Vpαrr (f (x)).
Proof. For a, c ∈ {0,1, . . . ,m − 1} and i ∈ {1,2, . . . , r} let ai, ci ∈ {0,1, . . . , pαii − 1} be given
by a ≡ ai (mod pαii ) and c ≡ ci (mod pαii ). It is clear that
f (a) ≡ c (mod m) ⇐⇒ f (a) ≡ c (mod pαii ) (i = 1,2, . . . , r),
⇐⇒ f (a) ≡ ci
(
mod pαii
)
(i = 1,2, . . . , r),
⇐⇒ f (ai) ≡ ci
(
mod pαii
)
(i = 1,2, . . . , r).
Thus
c ∈ Sm
(
f (x)
) ⇐⇒ ci ∈ Spαii (f (x)) (i = 1,2, . . . , r).
Now applying the Chinese Remainder Theorem we see that
Vm
(
f (x)
)= ∣∣Sm(f (x))∣∣= r∏
i=1
∣∣S
p
αi
i
(
f (x)
)∣∣= r∏
i=1
V
p
αi
i
(
f (x)
)
.
This proves the theorem. 
Theorem 3.2. Let p > 1 be odd. Then p is a prime if and only if 02,12,22, . . . , (p−12 )2 are
pairwise distinct modulo p. Namely, p is a prime if and only if Vp(x2) = p+1 .2
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2 are pairwise distinct mod-
ulo p. If p is composite, then there are two odd numbers d and d ′ such that 1 < d ′  d < p and
dd ′ = p. Set x1 = (d + d ′)/2 and x2 = (d − d ′)/2. Then clearly x1, x2 ∈ {0,1, . . . , p − 1} and
x21 − x22 = (x1 + x2)(x1 − x2) = dd ′ = p. Let y1 = min{x1,p − x1} and y2 = min{x2,p − x2}.
Then y1, y2 ∈ {0,1, . . . , (p − 1)/2} and y21 ≡ x21 ≡ x22 ≡ y22 (mod p). Since x1 + x2 = d and
x1 − x2 = d ′ we see that x1 = x2,p − x2 and so y1 = y2. Thus 02,12,22, . . . , (p−12 )2 are not
pairwise distinct modulo p and hence Vp(x2) < p+12 . This proves the theorem. 
For a given polynomial f (x) we let f ′(x) denote the derivative of f (x). If p is a prime and
f (x0) ≡ 0 (mod pα−1) for x0 ∈ Z and α > 1, using the binomial theorem one can easily derive
that
f
(
x0 + spα−1
)≡ f (x0)+ spα−1f ′(x0) (mod pα) for s ∈ Z.
From this we deduce:
Lemma 3.1. Suppose that p is a prime and f (x) is a polynomial with integral coefficients. If
there is an integer x0 such that f (x0) ≡ 0 (mod p) and p  f ′(x0), then for any positive integer
α the congruence f (x) ≡ 0 (mod pα) is solvable.
Lemma 3.1 can be deduced from Hensel’s lemma. See [HW, Theorem 123, pp. 96, 97] and
[R, Theorem 4.14].
Theorem 3.3. If m> 1 is odd and m = pα11 · · ·pαrr is the prime decomposition of m, then
Vm
(
x2
)= r∏
i=1
p
αi+1
i + pi + 2 + (pi − 1)(1 − (−1)αi )/2
2(pi + 1) .
Proof. Let p be an odd prime and let α  2 be a positive integer. We assert that
Vpα
(
x2
)= Vpα−2(x2)+ pα−1(p − 1)2 . (3.1)
If c ∈ Z and p  c, it follows from Lemma 3.1 that x2 ≡ c (mod pα) is solvable if and only if
x2 ≡ c (mod p) is solvable. Suppose Sp(x2) = {0, a1, a2, . . . , a(p−1)/2}. We then have
{
c: c ∈ Spα
(
x2
)
, p  c
}= {ai + sp: i = 1,2, . . . , (p − 1)/2, s = 0,1, . . . , pα−1 − 1}
and thus ∣∣{c: c ∈ Spα (x2), p  c}∣∣= pα−1(p − 1)/2.
If c ∈ Spα (x2) and p | c, then x2 ≡ c (mod pα) for some x ∈ Z. As p | c we have p | x and
so p2 | c. For t ∈ Z, clearly x2 ≡ p2t (mod pα) is solvable if and only if y2 ≡ t (mod pα−2) is
solvable. Thus ∣∣{c: c ∈ Spα (x2), p | c}∣∣= ∣∣{t : t ∈ Spα−2(x2)}∣∣= Vpα−2(x2).
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Vpα
(
x2
)= ∣∣{c: c ∈ Spα (x2), p | c}∣∣+ ∣∣{c: c ∈ Spα (x2), p  c}∣∣
= Vpα−2
(
x2
)+ pα−1(p − 1)/2.
This proves the assertion (3.1).
Observe that Vp(x2) = p+12 and V1(x2) = 1. Using (3.1) we see that
Vp2β+1
(
x2
)= p − 1
2
β∑
s=1
p2s + Vp
(
x2
)= p2β+2 + 2p + 1
2(p + 1)
and
Vp2β
(
x2
)= p − 1
2
β∑
s=1
p2s−1 + V1
(
x2
)= p2β+1 + p + 2
2(p + 1) .
Now combining this with Theorem 3.1 gives the result. 
Theorem 3.4. Let a1, a2, a3 and m > 1 be integers with gcd(m,6(a21 − 3a2)) = 1. If m =
p
α1
1 · · ·pαrr is the prime decomposition of m, then
Vm
(
x3 + a1x2 + a2x + a3
)= m r∏
i=1
2pi +
(pi
3
)
3pi
.
Proof. Let p be a prime divisor of m. Let c ∈ Z and f (x) = x3 +a1x2 +a2x+a3 −c. According
to [Su3], the discriminant of f (x) is given by D(f (x)) = − 127 (b2 − 4a), where a = (a21 − 3a2)3
and b = −2a31 + 9a1a2 − 27(a3 − c). Now we claim that f (x) ≡ 0 (mod p) is solvable if and
only if f (x) ≡ 0 (mod pα) is solvable. Clearly f (x) ≡ 0 (mod pα) is solvable implies f (x) ≡
0 (mod p) is solvable.
If p  D(f (x)), it is well known that f (x) ≡ 0 (mod p) has no multiple solutions. Hence, if
f (x0) ≡ 0 (mod p) for some integer x0, then f ′(x0) ≡ 0 (mod p). Now, using Lemma 3.1 we
see that f (x) ≡ 0 (mod p) is solvable implies f (x) ≡ 0 (mod pα) is solvable.
If p | D(f (x)), we set
x0 = −a1 + a1a2 − 9(a3 − c)
a21 − 3a2
= 1
3
(
b
a21 − 3a2
− a1
)
.
From [Su3, Lemma 4.1] we know that x ≡ x0 (mod p) is a solution of the congruence f (x) ≡
0 (mod p). As b2 ≡ 4a (mod p) we see that
f ′(x0) = 3x20 + 2a1x0 + a2 =
1
3
(
b
a21 − 3a2
− a1
)2
+ 2a1
3
(
b
a21 − 3a2
− a1
)
+ a2
= 1
3(a2 − 3a )2
(
b2 − (a21 − 3a2)3)≡ a21 − 3a2 ≡ 0 (mod p).1 2
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By the above, the assertion is true. Suppose
Sp
(
x3 + a1x2 + a2x + a3
)= {c1, c2, . . . , cn}.
Then we must have
Spα
(
x3 + a1x2 + a2x + a3
)= {ci + tp: i = 1,2, . . . , n, t = 0,1, . . . , pα−1 − 1}.
Hence applying (1.1) we get
Vpα
(
x3 + a1x2 + a2x + a3
)= pα−1n = pα−1Vp(x3 + a1x2 + a2x + a3)= pα−1 2p + (p3 )3 .
This together with Theorem 3.1 yields the result. 
Theorem 3.5. Let m,a1, a2, a3 ∈ Z with m > 3 and gcd(m,6(a21 − 3a2)) = 1. Then m is a prime
if and only if Vm(x3 + a1x2 + a2x + a3) = (2m+ (m3 ))/3.
Proof. If m is a prime, the result is true by (1.1). Now suppose m = pα11 · · ·pαrr is composite,
where p1, . . . , pr are distinct primes. If r = 1, then α1 > 1. It follows from Theorem 3.4 that
Vm
(
x3 + a1x2 + a2x + a3
)= m(2
3
+ 1
3p1
(
p1
3
))
= 1
3
(
2m+
(
m
3
))
.
So the result holds in the case r = 1.
Now suppose r > 1. Since pi  5 we see that
r∏
i=1
(
2
3
+ 1
3pi
(
pi
3
))

r∏
i=1
(
2
3
+ 1
15
)
=
(
11
15
)r
< 0.54
(
11
15
)r−2
<
2
3
+ 1
3m
(
m
3
)
.
Thus, by Theorem 3.4,
Vm
(
x3 + a1x2 + a2x + a3
)= m r∏
i=1
(
2
3
+ 1
3pi
(
pi
3
))
<
2m+ (m3 )
3
.
This completes the proof. 
Corollary 3.1. Let p  5 be an integer such that p ≡ ±1 (mod 6). Then p is a prime if and only
if Vp(x3 − x) = (2p + (p3 ))/3.
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